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The space-filter approach has proved a fundamental tool in studying turbulence in
neutral fluids, providing the ability to analyze scale-to-scale energy transfer in config-
uration space. It is well known that turbulence in plasma presents challenges different
from neutral fluids, especially when the scale of interests include kinetic effects. The
space-filter approach is still largely unexplored for kinetic plasma. Here we derive
the space-filtered (or, equivalently “coarse-grained”) equations for a quasi-neutral
hybrid-kinetic plasma model, in which ions are fully kinetic and electrons are a neu-
tralizing fluid. Different models and closures for the electron fluid are considered,
including finite electron-inertia effects and full electrons’ pressure-tensor dynamics.
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Space-filtered equations for NHK models
I. INTRODUCTION
Turbulent plasmas can be found in a wide range of space, astrophysical and laboratory
systems. Understanding the properties of turbulent fluctuations and of their cascade – which
plasma processes allow the transfer of energy from the large (“injection”) scales to the small
(“dissipative”) scales of a system, and how this energy is eventually converted into heat
and non-thermal particles – is a fundamental step in order to understand the evolution
of such systems1–4. In particular, turbulence in weakly collisional, magnetized plasmas is
substantially different from turbulence in neutral fluids or in collisional plasmas, as it opens
up the stage to a large variety of physical regimes5–17. This includes turbulent phase-space
dynamics (“phase-space cascades”) and micro-instabilities18–28. A relevant aspect of plasma
turbulence is the formation of localized (“coherent”) structures such as current sheets and
magnetic structures, where both observations and simulations reveal an enhancement of
kinetic features, from temperature anisotropy to particle energization and dissipation29–49.
In this context, an increasing attention has been focused on the role of current sheets and of
magnetic reconnection as possibly mediating the energy transfer in plasma turbulence, both
in the framework of magneto-hydrodynamic (MHD) models and in the kinetic regime50–62.
Therefore, it is of particular interest to develop a suitable theoretical framework that allows
such investigation within kinetic and reduced-kinetic models that are widely adopted for
kinetic-turbulence studies (see, e.g., Cerri, Grosˇelj, and Franci 63 and references therein).
The filtering approach has been intensively employed in the study of turbulence and
scale-to-scale coupling in neutral fluids, at least since the seminal work of Germano 64 , and
its subsequent use in Large Eddy Simulations (LES) both in the context of neutral fluids65
and MHD66–68. However, with a few notable exceptions27,58,69–73, the filtering approach has
not received widespread attention in the plasma physics community. The approach is based
on the following idea. First, a low-pass spatial filter is applied to all quantities of interest.
Filtered quantities are then employed to construct equations for the conservation of density,
momentum, and energy. Filtering is a linear operation (being essentially a convolution),
meaning that, e.g., the filter applied to a product is not equal to the product of the filtered
quantities. This implies that, in constructing energy equations, quadratic terms give rise to
so-called sub-grid terms. The sub-grid terms play a crucial role in LES simulations, being
the terms that lay below the resolved scale of the simulation and that are parameterized
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according to a given scheme74. In this work, however, we follow the opposite philosophy,
where sub-grid terms are actually well resolved by the computational grid. The rationale is
that when the equation for total filtered energy is written in conservative form, the sub-grid
terms represent a source/sink term that couples energy flux transfer at a given spatial scale.
The interesting aspect of this approach, that has been exploited in Camporeale et al. 58 to
study correlations between energy dissipation and coherent structures, is that sub-grid terms
are not defined in Fourier but in configuration space. One can then easily evaluate and study
how the scale-to-scale energy transfer is related to other spatial-dependant quantities.
The remainder of this paper is organized as follows. In Section II, we present the equa-
tions of the general neutral hybrid-kinetic (NHK) model, including different closures on the
electron fluid. The energy equations for the (forced) NHK model are provided and discussed
in Section II B. In Section III, we employ the so-called space-filtered techniques to the gen-
eral NHK model equations. The set of space-filtered energy equations are provided and
discussed in Section III B. The explicit set of equations for different versions of the hybrid-
kinetic model that are often adopted in the literature is also provided in the Appendices
A and B. A straightforward generalization to the full-kinetic case is given in Appendix C.
Finally, in Section IV we discuss the relevance of this theoretical framework for turbulent
systems and collisionless plasma dynamics.
II. THE NEUTRAL HYBRID-KINETIC (NHK) MODEL
The NHK model equations for a proton-electron plasma can be written in the following
form75:
∂ fi
∂t
+ v · ∂ fi
∂x
+
[
e
mi
(
E +
v
c
×B
)
+ F ext
]
· ∂ fi
∂v
= 0 , (1)
E = − ue
c
×B − ∇ ·Πe
en
− me
e
[
∂ue
∂t
+
(
ue ·∇
)
ue
]
, (2)
∂B
∂t
= − c∇×E , J = c
4pi
∇×B (3)
where F ext is a external force per unit mass, quasi-neutrality ne = ni = n has been assumed,
and ue = ui − J/en is the electron flow. The above set of equations has to be closed by
defining the thermal model of the electron fluid, e.g., by adopting a closure for the electron
pressure tensor Πe or by providing evolution equations for its components. Notice that the
3
Space-filtered equations for NHK models
form (2) of the generalized Ohm’s law is equivalent to the non-approximated version of its
classical form (see Appendix D for details):
E = − ui
c
×B + J ×B
(1 + εm)enc
− ∇ ·
(
Πe − εmΠi
)
(1 + εm)en
+
εm
1 + εm
mi
e2n
[
∂J
∂t
+ ∇ ·
(
Jui + uiJ − JJ
en
)]
, (4)
where εm = me/mi  1 is the (small) mass-ratio parameter.
A. The electron pressure equations and the fluid closure
The NHK equations (1)–(3) must be completed by one or more dynamic equations for the
components of the electron pressure tensor, Πe. In the following, we consider the coupling
with two models for the electron fluid:
(a) isotropic, polytropic fluid. This is the simplest case of a isotropic fluid, Πe,ij = Peδij,
with a polytropic closure76,77
d
dt
(
Pe
nγ
)
= 0 , (5)
where γ is the polytropic index (e.g., γ = 1 for isothermal electrons), and the total
(Lagrangian) derivative above uses the electron fluid velocity, i.e. d/dt = ∂t + ue · ∇.
Therefore, using continuity equation, it rewrites as1
∂ Pe
∂t
+ ∇ · (Peue) = (1− γ)Pe(∇ · ue) . (6)
(b) fully anisotropic, adiabatic fluid. In this case, the full (agyrotropic) pressure tensor
dynamics is retained and an adiabatic closure is adopted78,79:
∂Πe
∂t
+ ∇ · (Πeue) =− {(Πe ·∇)ue}sym
− Ωce
{
Πe × b
}sym
, (7)
1 Interestingly, by assuming a polytropic relation, Pe = Cγn
γ , Eq. (6) is actually the continuity equation
for the electrons, as it can be rewritten as ∂tn+∇ · (nue) = 0, where quasi-neutrality has been assumed.
The Vlasov equation also implies that ∂tn +∇ · (nui) = 0, and therefore ∇ · (nui) = ∇ · (nue) follows,
i.e. ∇ · J = 0. This is consistently satisfied by J = c4pi∇×B.
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with the symmetrized terms, {. . . }sym, given by{(
Π ·∇)u}sym
ij
= Πik∂kuj + Πjk∂kui , (8){
Π× b}sym
ij
= iklΠjkbl + jklΠikbl , (9)
where ijk is the completely antisymmetric Levi-Civita symbol and b = B/|B| is
the unit vector along the magnetic field direction. Note that Eq. (7) reduces to the
adiabatic version of Eq. (6), i.e. with γ = 5/3, when an isotropic pressure tensor
is considered, Πe = PeI, and the equation is projected onto I/3. It also provides
the double-adiabatic limit when a gyrotropic pressure tensor is considered, Πe =
p‖ebb + p⊥e(I − bb), and the resulting equation is separately projected along the
magnetic field direction and perpendicular to it, i.e. contracted with bb and with
(I − bb)/2, respectively80,81. In particular, note that a gyrotropic pressure tensor is
also recovered in the limit of massless electrons, since equation (7) requires that the
condition
{
Πe × b
}sym
= 0 is satisfied in such limit2.
Let us now examine the energetics of the NHK model equations.
B. Energy equations for the forced NHK system
The energy equations are derived using the moments of the Vlasov equation, i.e. from
the corresponding fluid equations. Here, we interrupt the fluid hierarchy at the equation for
the pressure tensor components:
∂ %
∂t
+ ∇ · (%ui) = 0 , (10)
∂ (%ui)
∂t
+ ∇ · (%uiui + Πi) = e
mi
%
(
E +
ui
c
×B
)
+ %F ext , (11)
∂Πi
∂t
+ ∇ · (Πiui +Qi) + {(Πi ·∇)ui}sym = Ωci {Πi × b}sym . (12)
2 The solution of
{
Πe × b
}sym
= 0 is indeed the gyrotropic pressure tensor. This can be seen also in
the context of a finite-Larmor-radius (FLR) expansion of the pressure tensor equation (see, e.g., Cerri 82
and references therein). In fact, the Larmor radius is proportional to the square root of the mass,
ρα = vth,α/Ωcα ∝ √mα, and therefore all the corrections to the gyrotropic pressure tensor vanish and
only the secular evolution equations for the parallel and perpendicular components of the pressure, p‖
and p⊥, are left.
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where % = min is the (ion) mass density (see Appendix E for explicit formulation with
indexes and moments definitions). Note that as far as the global energy equations are
concerned, the closure and/or the dynamic equation for the heat flux tensor is not relevant.
In fact, it will enter the equations as a total divergence of a heat flux vector, ∇ ·q (see later),
and for a “closed” system it will vanish when integrated over the whole system domain. In
this sense, the generalization of the following equations to the case where both ions and
electrons are fully kinetic is straightforward (see Appendix C).
1. Ion bulk (kinetic) energy
By taking the scalar product between ui and the momentum equation, and using conti-
nuity equation, one finds the equation for the ion bulk energy:
∂ Eui
∂t
+ ∇ · (Euiui) = −ui · (∇ ·Πi) + %ui · ( emiE + F ext
)
, (13)
where Eui = 12%u2i is the ion bulk (or, kinetic) energy density.
2. Ion internal (thermal) energy
By taking the trace of Eq. (12), i.e. by contracting the indices (where a sum over repeated
indices is understood), and multiplying by 1/2, one obtains the equation for the ion internal
energy:
∂ EΠi
∂t
+ ∇ · (EΠiui + qi) = −Πi : ∇ui , (14)
where the ion internal (or, thermal) energy density is defined as EΠi = 12tr[Πi], and qi as the
ion heat-flux vector defined by qi,k =
1
2
∑
j Qi,jjk.
3. Equivalent electron bulk (kinetic) energy
By taking the scalar product between enue and the generalized Ohm’s law, Eq. (2), one
obtains the equation for the electron bulk energy:
∂ Eue
∂t
+ ∇ · (Eueue) = −ue · (∇ ·Πe) − enue ·E , (15)
where Eue = εm 12%u2e is the electron bulk (or, kinetic) energy density, and it vanishes in the
limit of massless electrons, εm → 0. In such limit, this equation becomes a statement of the
6
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balance between the work done on the electron fluid by the electric field and the electron
pressure forces (in the electrons’ reference frame3):
enue ·
(
E +
∇ ·Πe
en
)
= 0 , (16)
or, written in a way that may be useful later,
∇ · (Πe · ue) = Πe : ∇ue − enue ·E . (17)
Note that this is true regardless of the assumptions on the pressure tensor of the electron
fluid, as long as it is massless.
4. Electron internal (thermal) energy
We now derive the equation for the electron internal energy the two cases:
(a) isotropic, polytropic fluid. When the electron pressure tensor is diagonal and isotropic,
i.e. Πe,ij = Peδij, its associated internal energy is
1
2
tr[Πe] =
3
2
Pe. Therefore, the cor-
responding energy equation is just the electron pressure equation, Eq. (6) , multiplied
by 3/2:
∂ EPe
∂t
+ ∇ · (EPeue) = (1− γ)EPe(∇ · ue) , (18)
where here EPe = 32Pe is the electron internal energy density.
(b) fully anisotropic, adiabatic fluid. In this case, the energy equation for the internal
energy of the electron fluid is equivalent to the one of the ions, Eq. (14), with q = 0:
∂ EΠe
∂t
+ ∇ · (EΠeue) = −Πe : ∇ue , (19)
with the electron internal energy density is now defined as EΠe = 12tr[Πe]. Note that
if Πe = PeI, then Eq. (19) correctly reduces to Eq. (18) with γ = 5/3.
3 In fact, this is equivalent to use electric field in the frame of reference of the electron fluid, E′ = E+ue×
B/c, since the ue ×B term does not do any work on the electrons.
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5. Magnetic energy
By taking the scalar product between B and Faraday equation, and using the vector
identity B · (∇×E) = ∇ · (E ×B) +E · (∇×B), one finds the equation for the ion bulk
energy:
∂ EB
∂t
+ ∇ ·
(
E ×B
4pi
c
)
= −J ·E , (20)
where EB = B2/8pi is the magnetic energy density. Note that in the hybrid approxima-
tion, there is no energy equation for the electric energy density, EE = E2/8pi, since the
displacement current has been neglected4.
C. The total energy density equation and energy channels in the NHK model
Lat us gather all the previous energy equations here for convenience (and just rewriting
few terms in a convenient way):
∂ Eui
∂t
+ ∇ · (Euiui + Πi · ui) = %ui · F ext + Πi : ∇ui + enui ·E , (21)
∂ EΠi
∂t
+ ∇ · (EΠiui + qi) = −Πi : ∇ui , (22)
∂ Eue
∂t
+ ∇ · (Eueue + Πe · ue) = Πe : ∇ue − enue ·E , (23)
∂ EΠe
∂t
+ ∇ · (EΠeue) =

(1− γ)EPe
(∇ · ue)
−Πe : ∇ue
(a)
(b)
, (24)
∂ EB
∂t
+ ∇ ·
(
E ×B
4pi
c
)
= − enui ·E + enue ·E , (25)
where we remind the reader the following definitions:
Euα =
1
2
mαnu
2
α , EΠα =
1
2
tr[Πα] , EB = B
2
8pi
. (26)
4 It is interesting to note that the−J ·E term on the right-hand side of Eq. (20) comes from the approximated
Ampe´re’s law, Eq. (3). However, if the displacement current was retained, the equation for the magnetic
energy density EB = B2/8pi would read ∂tEB + ∇ · ( c4piE × B) = − c4piE · (∇ × B), and an additional
equation for the electric energy density EE = E2/8pi would be included, that can be written as ∂tEE =
− c4piE · (∇×B)−J ·E. Summing them together, we would get an equation for the total electromagnetic
energy density, Eem = (E2+B2)/8pi, that reads as (20) with the substitution EB → Eem (see Appendix C).
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By summing up equations (21)–(25), one obtains the equation for the total energy density,
E = Eui + EΠi + Eue + EΠe + EB:
∂ E
∂t
+ ∇ ·ΦE = %ui · F ext + Ie , (27)
where we have defined the energy density flux, ΦE , as
ΦE =
(Eui + EΠi)ui + Πi · ui + qi + (Eue + EΠe)ue + Πe · ue + E ×B4pi c . (28)
The additional Ie term comes from the closure adopted for the electron fluid, and it is zero
for an adiabatic fluid:
Ie =

(
5
3
− γ) EPe(∇ · ue)
0
(a)
(b)
. (29)
From the above equations is clear that when an isothermal closure is adopted for the electron
fluid, there cannot be an exact conservation of energy even when no external injection is
considered, F ext = 0. In fact, artificial energy loss or gain has to be included in the model
in order to keep the electrons isothermal when compressibility effects are present (i.e., when
∇ · ue = ∇ · ui + (J/en) ·∇ ln(n) 6= 0).
Finally, it is interesting to note the coupling between the different energy densities in
equations (21)–(25), i.e. the so-called “energy channels”. The thermal energy only couples
to the kinetic energy via the pressure-strain term, Πα : ∇uα (with some modifications when
explicit closure relations are adopted on the pressure), whereas the magnetic energy is only
coupled to the kinetic energy via the electric-field work term, eαnαuα ·E. Moreover, as it is
expected in a collisionless system, the ions’ and electrons’ energy channels never couple to
each other directly, but only through electromagnetic fields. This is more evident if we take
a spatial average over the entire spatial domain under consideration, denoted by 〈. . . 〉, and
we assume that the fluxes are such that 〈∇ · (. . . )〉 = 0, as, e.g., for periodic or insulating
9
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boundary conditions:
∂ 〈Eui〉
∂t
= 〈%ui · F ext〉 + 〈Πi : ∇ui〉 + 〈j i ·E〉 , (30)
∂ 〈EΠi〉
∂t
= − 〈Πi : ∇ui〉 , (31)
∂ 〈Eue〉
∂t
= 〈Πe : ∇ue〉 + 〈je ·E〉 , (32)
∂ 〈EΠe〉
∂t
=

(1− γ)〈EPe
(∇ · ue)〉
−〈Πe : ∇ue〉
(a)
(b)
, (33)
∂ 〈EB〉
∂t
= − 〈j i ·E〉 − 〈je ·E〉 , (34)
where we have introduced the species’ current density, jα ≡ eαnuα, for shortness. Therefore,
kinetic energy acts as the only mediator in the transfer between the field and the thermal
energies, and conversion from electromagnetic energy to internal energy of the plasma has
to necessarily go through the generation of bulk flows. At the same time, in a collisionless
system, the energy transfer from one species to another can only occur through field energy.
Thus, in steady state conditions, electromagnetic fields are the mediators that determine the
partition between the species’ energy cascades. However, the above equations are volume
averaged, and so they do not contain information about the spatial regions to which the
energy transfer is associated or about scale-by-scale energy transfer and cross-scale interac-
tions: in order to investigate these properties, special techniques need to be applied58. The
space-filtered equations for the general NHK model (1)–(3), with both type of closures, (5)
or (7), are derived in the next Section, while the equations belonging to specific hybrid-
kinetic (HK) models are provided in Appendix A and B. The full-kinetic (FK) case is also
provided in Appendix C.
III. THE SPACE-FILTERED APPROACH TO THE GENERAL NHK
MODEL
Following the procedure described in Camporeale et al. 58 , we now derive the correspond-
ing filtered equations for the energy densities in the NHK system.
10
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A. Filter definitions and properties
Let us consider a vector field, V (x, t). The corresponding space-filtered field V˜ (x, t) is
defined as
V˜ (x, t) =
∫
Ω
G(x− ξ)V (ξ, t)d3ξ = V (x, t) ? G(x) , (35)
where Ω is the entire spatial domain, G is the filter function (e.g., Gaussian, top-hat, Fourier,
etc), and ? is the convolution operator defined by Eq. (35). We also assume that the filtering
operation commutes with time and space differentiation:
d˜V
dt
=
dV˜
dt
, (36)
∇˜ · V = ∇ · V˜ . (37)
Finally, we introduce the so-called Favre filter, defined as
V̂ =
%˜V
%˜
. (38)
B. Space-filtered energy equations for the forced NHK system
We start by filtering the single energy equations, i.e., by considering the energy conser-
vation associated to those scales ` larger than a given filtering scale λ. In this process, we
will also define certain sub-grid terms arising from non-linear terms in the equation, such
as, for instance,
%˜uiui = %˜ ûiui = %˜ ûiûi + T (i)uu , (39)
i.e., the sub-grid T (i)uu term is determined by the difference of the non-linear terms
T (i)uu ≡ %˜
(
ûiui − ûiûi
)
, (40)
and represents term that is associated to the ion-flow non-linearity at scales ` < λ.
11
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1. Filtered ion bulk (kinetic) energy equation
By filtering the ion momentum equation (11) and using the above definitions, one gets
the filtered momentum equation in the following form:
∂ (%˜ûi)
∂t
+∇ · (%˜ûiûi) = −∇ · (T (i)uu + Π˜i) + %˜F̂ ext
+
e
mi
%˜
(
Ê +
ûi
c
× B̂ + T (i)u×B
)
, (41)
where the sub-grid term related to the ion-flow non-linearity, T (i)uu, is defined in (40), and
we have introduced the sub-grid term associated with the ui ×B non-linearity,
T (i)u×B =
1
c
(
ui ×B
∧
− ûi × B̂
)
. (42)
By taking the scalar product of (41) with ûi, the filtered equation for the ion bulk energy
density follows:
∂ Êui
∂t
+ ∇ · (Êuiûi) = %˜ ûi · [F̂ ext + emi (Ê + T (i)u×B)
]
− ûi ·
[
∇ · (Π˜i + T (i)uu)] , (43)
where now the filtered ion bulk (kinetic) energy density is defined as Êui = 12 %˜|ûi|2.
Note that the sub-grid terms above have an immediate physical interpretation as, e.g.,
“turbulent” fields or stresses. If ` is a characteristic scale of the filter defined in (35), then
the first sub-gird term, T (i)uu, is indeed the Reynolds stress associated with the ion-flow
fluctuations at scales < `. Analogously, T (i)u×B is (minus) the “MHD contribution” to the
“turbulent” electric field, ∗MHD ≡ −T (i)u×B, i.e., the electric field associated to the ui ×B
fluctuations at scales < ` (see Section III B 3). Thus, another useful way to rewrite the
equation above is
∂ Êui
∂t
+∇·
[
Êuiûi+
(
Π˜i+T (i)uu
)·ûi] = %˜ ûi ·F̂ ext + ĵ i ·Ê + Π˜i : ∇ûi − ĵ i ·∗MHD + T (i)uu : ∇ûi ,
(44)
where we have introduced the Favre-filtered ion current density, ĵ i ≡ emi %˜ ûi = en˜ûi. There-
fore, when considering a characteristic scale ` for the filters, the energy transfer of ions’
kinetic energy through that scale is mediated by a combination of two effects. The first is
represented by the interaction between the ion current density at scales ≥ `, ĵ i,`, and the
12
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MHD contribution of the “turbulent” electric-field fluctuations at scales < `, ∗MHD. The
second effect relies on the interaction of the strain tensor of the ion flow at scales ≥ `,
Σ̂i,` ≡ ∇ûi, with the “turbulent” ion-flow Reynolds stress at scales < `, T (i)uu,`. That is,
the net ion-kinetic energy density flux through a scale `, T (i)kin,`, is given by the combination
of the above two terms: T (i)kin,` = T (i)uu,` : Σ̂i,` − ĵ i,` · ∗MHD,`. The term %˜ûi · F̂ ext is the rate
of ion-kinetic energy density injected into the system by the external forcing at scales ≥ `
(if the forcing acts only at scales `F , then this term is a constant, εF,0, for all the scales
` < `F ). The other terms on the first line of the right-hand side of (44) instead represent
the energy density flux between the different energy channels at scales ≥ `. In particular,
the ion-kinetic energy is connected to the magnetic-field energy channel through the inter-
action between the ion-current density and the electric field at scales ≥ `, ĵ i,` · Ê`, and to
the ion-thermal energy through the pressure-strain interaction at scales ≥ `, Π˜i,` : Σ̂i,` (see
later). Also, note that for a deeper investigation of the pressure-strain interaction at scales
≥ `, one can further decompose the strain tensor into different contributions, i.e., isotropic
compression and volume-preserving deformations and rotations, Σ = −CI +D +W70,83).
2. Filtered ion internal (thermal) energy equation
We now apply a Favre filter on the ion pressure tensor equation, so we obtain
∂ Π̂i
∂t
+∇ · (Π̂iui + Q̂i) = − {(Π˜i ·∇)ûi + T Πi∇ui}sym
+
e
mic
{
Π˜i × B̂ + T (i)Π×B
}sym
, (45)
where we have introduced the sub-grid tensors associated to the pressure-strain and pressure-
magnetic ions’ non-linearities5:
{T Πi∇ui}ij = Πi,ik∂kui,j
∧
− Π˜i,ik∂kûi,j , (46)
{T (i)Π×B}ij = Πi,jlilmBm
∧
− Π˜i,jlilmB̂m . (47)
5 Following Del Sarto and Pegoraro 83 , one could construct a magnetic matrix B related to the local magnetic
field by duality, Bij = ijkBk, and write this non-linear interaction as the commutator [B,Π]. A similar
procedure could be used to describe the non-linear interaction between the pressure tensor Π and the
strain tensor Σ, where Σij = ∂iuj . See Del Sarto and Pegoraro
83 for further decomposition of Σ into
different contributions (i.e., isotropic compression, volume-preserving deformations and rotations) in terms
of commutators and anti-commutators.
13
Space-filtered equations for NHK models
(In the above, sum over repeated indices is understood.) Then, multiplying (45) by 1/2 and
taking its trace (i.e., projecting onto 1
2
I), one obtains
∂ ÊΠi
∂t
+ ∇ ·
(
ÊΠiui + q̂i
)
= −Π˜i : ∇ûi − T (i)Π∇u , (48)
where T (i)Π∇u is defined as the trace of T Πi∇ui ,
T (i)Π∇u = Πi,jk∂kui,j
∧
− Π˜i,jk∂kûi,j , (49)
and we have used the fact that the right-hand side of (45) vanishes when taking its trace.
As we can see, the interaction between the pressure tensor and the strain tensor associated
to scales ≥ `, −Π˜i,` : Σ̂i,`, is providing the (only) connection of the ion-thermal energy to
another energy channel, that is with the ion-kinetic energy. At the same time, the (only)
transfer mechanism of ion-thermal energy density through scale ` (i.e., the cascade rate of
ion-internal energy) is provided by the “turbulent” pressure-strain non-linearity at scales
< `, T (i)Π∇u.
3. The filtered electric field and the role of sub-grid nonlinearities
By applying the Favre filter to the generalized Ohm’s law (2), we obtain6
Ê = − ûe
c
× B̂ − T (e)u×B −
mi
e
∇ · Π˜e
%˜
− me
e
1
%˜
[
∇ · (%˜ ûeûe + T (e)uu)+ ∂ (%˜ ûe)∂t
]
, (50)
where the sub-grid terms are now related to the electron-flow and ue ×B non-linearities:
T (e)uu = %˜
(
ûeue − ûeûe
)
, (51)
T (e)u×B =
1
c
(
ue ×B
∧
− ûe × B̂
)
. (52)
It is interesting to note that the filtered electric field at scales ≥ ` in (50) has an explicit
contribution from the filtered fields at the same scales, plus a contribution ∗ from scales
< `,
6 Note that using electron continuity equation and the properties (36)–(38) of the filters, one can show that
the relation ̂(ue ·∇)ue = 1%˜ [∇ · (%˜ueue) + ∂t(%˜ue)] − ∂tûe holds. Therefore, applying the Favre filter to
equation (2) is entirely equivalent to rewrite the electron momentum equation in its conservative form
(see (D1)) and apply the regular filter (35) on it.
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Ê = −ûe
c
× B̂ − mi
e
∇ · Π˜e
%˜
− εmmi
e
1
%˜
[
∇ · (%˜ ûeûe)+ ∂ (%˜ ûe)
∂t
]
+ ∗ , (53)
where we have defined ∗ as the sub-grid electric field,
∗ ≡ −T (e)u×B − εm
mi
e
1
%˜
∇ · T (e)uu , (54)
sometimes referred to as “turbulent” electric field, which is arising from unresolved scales < `
due to the nonlinear contributions. It is worth to further decompose this sub-grid electric
field into its “MHD contribution” (i.e., due to the ui×B nonlinearities), “Hall contribution”
(i.e., related to the J ×B term), and “electron-inertia contribution” (i.e., associated with
the ueue nonlinearity that is retained when m 6= 0),
∗ = ∗MHD + 
∗
Hall + 
∗
de ,
with
∗MHD = − T (i)u×B (55)
∗Hall = − T J×B (56)
∗de = − εm
mi
e
1
%˜
∇ · T (e)uu , (57)
where we have used the identity T (e)u×B = T (i)u×B + T J×B in which the J ×B sub-grid term
is defined as
T J×B ≡ mi
ec
1
%˜
(
J × B˜ − J˜ × B˜
)
. (58)
If one is interested to investigate in more details the mechanisms underlying the electron-
inertia term, ∗de , it could be further decomposed by using the relation T (e)uu = T (i)uu +T JJ −
T [Ju], i.e.
∗de = −εm
mi
e
1
%˜
∇ · (T (i)uu + T JJ − T [Ju]) , (59)
where the “current-current” and “current-flow” sub-grid terms are given by
T JJ ≡ m
2
i
e2
(
J˜J
%
− J˜ J˜
%˜
)
, (60)
T [Ju] ≡ mi
e
[
(J˜ui + u˜iJ)− (J˜ u˜i + u˜iJ˜)
]
. (61)
and they can be seen as turbulent Reynolds stresses associated to the “current-current” and
“current-flow” non-linearities that add to the turbulent Reynolds stress of the ion flow.
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4. Filtered electron bulk (kinetic) energy
By taking the scalar product of (50) with e
mi
%˜ûe, one obtains the filtered equation for the
equivalent electron bulk energy density:
∂ Êue
∂t
+ ∇ · (Êueûe) = − ûe · [∇ · (Π˜e + εmT (e)uu)]
− e
mi
%˜ ûe ·
(
Ê + T (e)u×B
)
, (62)
or, equivalently, as
∂ Êue
∂t
+ ∇ · (Êueûe + Π˜e · ûe) = Π˜e : ∇ûe + ĵe · (Ê − ∗) , (63)
where the filtered electron bulk energy density is defined as Êue = εm 12 %˜|ûe|2 and we have
introduced the Favre-filtered electron current density, ĵe ≡ − emi %˜ ûe = −en˜ûe. Therefore,
when considering a characteristic scale ` for the filters, the energy transfer of electrons’
kinetic energy through that scale is mediated by the interaction between the electron current
density at scales ≥ `, ĵe,`, and the “turbulent” electric-field fluctuations at scales < `, ∗` ,
that is T (e)kin,` = −ĵe,` · ∗` . Also note that it would be possible to rewrite (63) in an analogous
way as done for (44), so that the energy flux through scale ` is given by the combination
of the electrons’ current density and the electrons’ strain tensor at scales ≥ ` interacting
with the turbulent “MHD+Hall” electric field and with the turbulent electron-flow Reynolds
stress, respectively, i.e. T (e)kin,` = −ĵe,` · (∗MHD,` + ∗Hall,`) + εmT (e)uu,` : Σ̂e,`. The other two
terms instead represent the connection between the electrons’ kinetic energy channel and
the other energy channels at scales ≥ `, i.e., to the magnetic-field energy density (through
the current-field interaction, ĵe,` · Ê`) and to the electrons’ thermal energy density (through
the pressure-strain interaction, Π˜e,` : Σ̂e,`).
In the limit of massless electrons, εm → 0, equation (62) reduces to the filtered version
of the balance equation in (16),
e
mi
%˜ ûe ·
(
Ê +
mi
e
∇ · Π˜e
%˜
)
=
e
mi
%˜ ûe · ∗ , (64)
where now ∗ = −T (e)u×B = ∗MHD + ∗Hall. Note that this equation, when space averaged,
provides a sort of “vertex-conservation law” through the “disappearing” electrons’ kinetic
energy channel in the limit εm → 0.
16
Space-filtered equations for NHK models
5. Filtered electron inetrnal (thermal) energy
We now apply the Favre filter also to the electron pressure equations, (6) or (7) depending
on the closure adopted:
(a) isotropic, polytropic fluid.
∂ P̂e
∂t
+ ∇ · (P̂eue) = (1− γ)[P˜e(∇ · ûe)+ T (e)P∇u] , (65)
where T (e)P∇u is the sub-grid term associated to the isotropic-compression contribution
to the pressure-strain electrons’ non-linearity, defined as
T (e)P∇u = Pe(∇ · ue)
∧
− P˜e(∇ · ûe) . (66)
(b) fully anisotropic, adiabatic fluid.
∂ Π̂e
∂t
+∇ · (Π̂eue) = − {(Π˜e ·∇)ûe + T (e)Π∇u}sym
+
e
mec
{
Π˜e × B̂ + T (e)Π×B
}sym
, (67)
where we have introduced the electrons counterpart of the sub-grid terms related to
the pressure-strain and pressure-magnetic tensor non-linearity:
{T (e)Π∇u}ij = Πe,ik∂kue,j
∧
− Π˜e,ik∂kûe,j , (68)
{T (e)Π×B}ij = ilm
(
Πe,jlBm
∧
− Π˜e,jlB̂m
)
. (69)
From the above equations, the correspondent equations for the filtered electron internal
energy density follow:
∂ ÊΠe
∂t
+ ∇ · (ÊΠeue) =

(1− γ)3
2
[
P˜e
(∇ · ûe) + T (e)P∇u]
−Π˜e : ∇ûe − T (e)Π∇u
, (70)
where ÊΠe = 12tr[Π̂e] and the sub-grid term on the right-hand side of (70–b) is defined as
the trace of T (e)Π∇u given in (68), i.e., T (e)Π∇u = tr[T (e)Π∇u].
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6. Filtered magnetic energy
Noticing that the Favre-filtered Maxwell equations of the NHK model are
∂ B̂
∂t
= − c∇× Ê , Ĵ = c
4pi
∇× B̂ (71)
the equation for the filtered magnetic energy, ÊB = |B̂|2/8pi, is readily derived in the usual
way:
∂ ÊB
∂t
+ ∇ ·
(
Ê × B̂
4pi
c
)
= − Ĵ · Ê
= − e
mi
%˜(ûi − ûe) · Ê − TJE , (72)
where the sub-grid term associated with wave-particle interaction is defined as7
TJE =
[∑
α
eα(n̂uα − n˜ûα)
]
· Ê
=
e
mi
[
(%̂ui − %̂ue)− %˜ (ûi − ûe)
]
· Ê . (73)
Analogously to what has been done for the electric field in (53), we can define a sub-grid
or “turbulent” current density,
j∗ ≡ 1
%˜
(
%˜J − %˜ J˜
)
= T (i)nu − T (e)nu , (74)
so that Ĵ = J˜ + j∗ = ĵ i + ĵe + j
∗ (note the different filters on J),
∂ ÊB
∂t
+ ∇ ·
(
Ê × B̂
4pi
c
)
= − (J˜ + j∗) · Ê , (75)
and, if ` is the characteristic filtering scale, we can interpret the energy transfer of magnetic
energy through that scale as the result of the interaction between the “turbulent” currents
at scales < `, j∗` , and the electric field at scales ≥ `, Ê`, i.e., T (mag)` = −j∗` · Ê` = −TJE.
On the other hand, the term −J˜ ` · Ê` = −(
∑
α ĵα,`) · Ê` represent the energy density flux
within scales ≥ ` that couples the magnetic energy density channel to the species’ kinetic
energy densities.
7 The actual sub-grid non-linearity here is given by T (α)nu = n̂uα − n̂ûα, so that the decomposition Ĵ =
en̂(ûi − ûe) + T (i)nu − T (e)nu holds. The resulting sub-grid contribution to the r.h.s. of equation (72) would
then be −(T (i)nu − T (e)nu) · Ê, that we have called −TJE for shortness.
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C. The filtered equation for the total energy density in NHK
Gathering all the previous equations for the filtering energy densities (and just rewriting
few terms in a convenient way), they read:
∂ Êui
∂t
+∇ ·
[
Êuiûi +
(
Π˜i + T (i)uu
) · ûi] = %˜ ûi · F̂ ext + ĵ i · (Ê − ∗MHD) + (Π˜i + T (i)uu) : ∇ûi ,
(76)
∂ ÊΠi
∂t
+∇ ·
(
ÊΠiui + q̂i
)
= − Π˜i : ∇ûi − T (i)Π∇u , (77)
∂ Êue
∂t
+∇ ·
[
Êueûe +
(
Π˜e + εmT (e)uu
) · ûe] = ĵe · (Ê − ∗MHD − ∗Hall) + (Π˜e + εmT (e)uu) : ∇ûe ,
(78)
∂ ÊΠe
∂t
+∇ · (ÊΠeue) =

(1− γ)3
2
[
P˜e
(∇ · ûe) + T (e)P∇u]
−Π˜e : ∇ûe − T (e)Π∇u
(a)
(b)
, (79)
∂ ÊB
∂t
+∇ ·
(
Ê × B̂
4pi
c
)
= − (ĵ i + ĵe + j∗) · Ê , (80)
where we remind that ĵα ≡ eαmi %˜ ûα = eαn˜ûα is the species’ current density (i.e., carrying
the appropriate sign due to the species’ charge within its definition). Then, summing up the
above equations one obtains the equation for the total energy density:
∂ Ê
∂t
+ ∇ · Φ̂Ê = %˜ ûi · F̂ ext + Îe + Ŝ(0)sg + Ŝ(me)sg , (81)
with the filtered total energy density and energy density flux defined as
Ê = Êui + ÊΠi + Êue + ÊΠe + ÊB , (82)
Φ̂Ê = Êuiûi + ÊΠiui + (Π˜i + T (i)uu) · ûi + q̂i
+ Êueûe + ÊΠeue + (Π˜e + εmT (e)uu) · ûe (83)
+
Ê × B̂
4pi
c ,
respectively. With respect to its non-filtered version in (27), the filtered equation for the
total energy density shows additional terms. In fact, on the right-hand side of (81), in
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addition to the filtered version of the forcing injection, %˜ ûi · F̂ ext, and of the term taking
into account for the electron closure,
Îe =

(
5
3
− γ) 3
2
P˜e(∇ · ûe)
0
(a)
(b)
, (84)
now there are “source-like” (or “sink-like”) sub-grid term, Ŝsg, defined as
Ŝ(0)sg = ĵ i · T (i)u×B + T (i)uu : ∇ûi − T (i)Π∇u − TJE + ĵe · T (e)u×B − T (e)Π∇u , (85)
Ŝ(me)sg = εmT (e)uu : ∇ûe . (86)
where we have separated the base NHK contribution, Ŝ(0)sg , from the one arising from finite-
electron-inertia effects, Ŝ(me)sg . Notice that above we have used T (e)Π∇u for shortness, but its
definition actually depends on the closure adopted for the electron fluid (cf. equations (66),
(68) and (70)),
T (e)Π∇u =

(1− γ) 3
2
[
Pe(∇ · ue)
∧
− P˜e(∇ · ûe)
]
Πe : ∇ue
∧
− Π˜e : ∇ûe
(a)
(b)
, (87)
whereas the definition of the other sub-grid terms T , that we report here for completeness,
is the same as given above:
T (α)uu = %˜
(
uαuα
∧− ûαûα
)
, (88)
T (i)u×B =
1
c
(
ui ×B
∧
− ûi × B̂
)
= −∗MHD . (89)
T (e)u×B =
1
c
(
ue ×B
∧
− ûe × B̂
)
= −(∗MHD + ∗Hall) . (90)
T (i)Π∇u = Πi : ∇ui
∧
− Π˜i : ∇ûi , (91)
TJE = e
mi
[
(%̂ui − %˜ ûi)− (%̂ue − %˜ ûe)
]
· Ê = j∗ · Ê . (92)
Analogously to what was done in equations (21)–(25), it may be interesting to look at
the space-averaged version of the filtered equations (76)–(80). By taking such space average
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and assuming again vanishing fluxes at the boundaries, one obtains
∂ 〈Êui〉
∂t
= 〈%˜ ûi · F̂ ext〉 + 〈ĵ i · Ê〉 + 〈Π˜i : ∇ûi〉
− 〈ĵ i · ∗MHD〉 + 〈T (i)uu : ∇ûi〉 , (93)
∂ 〈ÊΠi〉
∂t
= − 〈Π˜i : ∇ûi〉 − 〈T (i)Π∇u〉 , (94)
∂ 〈Êue〉
∂t
= 〈ĵe · Ê〉 + 〈Π˜e : ∇ûe〉
− 〈ĵe · (∗MHD + ∗Hall)〉+ εm〈T (e)uu : ∇ûe〉 , (95)
∂ 〈ÊΠe〉
∂t
=

(1− γ)3
2
[
〈P˜e
(∇ · ûe)〉 + 〈T (e)P∇u〉]
−〈Π˜e : ∇ûe〉 − 〈T (e)Π∇u〉
(a)
(b)
, (96)
∂ 〈ÊB〉
∂t
= − 〈ĵ i · Ê〉 − 〈ĵe · Ê〉 − 〈j∗ · Ê〉 . (97)
In Figure 1 we show a schematic view of the link between different energy channels in the
NHK model as described by equations (93)–(97), when the electron-fluid description includes
finite-inertia effects, εm 6= 0, and a complete pressure-tensor dynamics (case (b) in equation
(96)).
D. Localized scale-to-scale energy transfer and the direction of the cascade
Because the treatment of the space-filtered technique has been kept general so far, the
exact meaning of the quantities on the right-hand side of the filtered equations slightly
depends on the particular choice of the filter function G in equation (35). However, let
us consider a simple case in which G is a low-pass filter in Fourier space, with `∗ being
the characteristic scale below which the quantities are filtered out. In such case, the above
equations not only tell us how the different energy channels are coupled on the scales ` ≥ `∗,
but it also highlights how the energy is transferred across the scale `∗ through the sub-
grid terms (i.e., if the energy flux goes towards smaller or larger scales). By considering
various scales `∗ within the system, one can obtain a map of how different terms contribute
to the energy flux through scales at each scale. Moreover, since the non-averaged sub-grid
terms responsible for such energy transfer keep their real-space dependence, one can also
investigate how localized this transfer is, as, e.g., its correlation with current and vorticity
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FIG. 1. Global energy channels of the NHK model: schematic cartoon of the space-averaged filtered
energy equations in (93)–(97). The scale ` denotes the filter’s characteristic scale.
sheets, or with other magnetic and flow structures. This is a very useful piece of information,
as it enable us to investigate the presence of direct and inverse cascades in kinetic plasma
turbulence and/or, by adopting the appropriate filters, also the occurrence of cross-scale
interactions (i.e., “non-local” in Fourier space).
IV. CONCLUSIONS
In this work, we have derived the space-filtered (or, “coarse-grained”) equations for a
general class of quasi-neutral hybrid-kinetic (NHK) models, including their explicit formu-
lation for specific hybrid-kinetic (HK) sub-models that are often adopted for the study of
kinetic turbulence in collisionless plasmas48,84–86, as well as for the full-kinetic (FK) case (for
which large 3D simulations have become recently possible87–89). This theoretical framework
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indeed represents an extremely useful tool for investigating the mechanisms underlying the
energy transfer in plasma turbulence. In fact, the space-filtered technique allows to explic-
itly separate the contribution of different “energy channels”, to elucidate their localization
and correlation with “coherent structures” in real-space, to highlight the presence of both
inverse and direct cascades, as well as the behavior of the energy flux through scales (e.g., if
the constant cascade rate is a well-posed assumption, or if energy dissipation is a multi-scale
process rather than being localized at certain specific scales90–93).
Despite the intrinsic value of the space-filtered approach for turbulence studies, it has not
received widespread attention by the plasma physics community: only recently, it has been
considered in the context of extended-fluid and/or of kinetic turbulence27,58,69,70. Because
this increasing (although underrated) attention to the filtered approach, we believe that it is
of interest to provide its explicit formulation for a wide range of quasi-neutral hybrid-kinetic
models that are commonly adopted for the investigation of space and astrophysical plasma
turbulence at kinetic scales (see, e.g., Cerri, Grosˇelj, and Franci 63 and references therein).
Once again, we stress that the fundamental difference with a Large-Eddy Simulation (LES)
approach is that when the filtering scale is well resolved within a simulation domain, the
calculation of the sub-grid source terms in (85)–(86) becomes straightforward. The analysis
of such terms in configuration space provides valuable information on how and where the
energy cascade and coupling takes place.
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Appendix A: Explicit formulation for the hybrid-Vlasov-Maxwell (HVM)
model in Valentini et al. 77
The HVM model equations of Valentini et al. 77 , inlcuding the external forcing term given
in Cerri et al. 94 , read as equations (1)–(3), but with the following approximated generalized
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Ohm’s law:
(1− d2e,0∇2)E = −
ue
c
×B − ∇Pe
en
+
εm
en
∇ · (DJ + Πi) , (A1)
where d2e,0 = md
2
i,0 = εmmic
2/4pie2n0 is the electron inertial length computed with (homo-
geneous) background density, and we have introduced the tensor
DJ ≡ %(uiui − ueue) = mi
e
(
Jui + uiJ − JJ
en
)
(A2)
for shortness. This tensor is related to the (difference of the) Reynolds stress tensor of the ion
and electron flows, and it can be seen as a Reynolds stress associated to the current-current
and current-flow fluctuations’ non-linearity. The scalar electron pressure, Pe, is closed via
polytropic relation, as in equation (5), and the ∇2E term can be obtained by using the
identity
∂ J
∂t
=
c
4pi
∇× ∂B
∂t
= − c
2
4pi
∇×∇×E , (A3)
and then neglecting the ∇ · E by means of the quasi-neutrality approximation, ∂tJ ≈
c2∇2E/4pi. Note that this version of the generalized Ohm’s law can be obtained from (4)
with the approximation (1 + εm)
−1 ' 1 and by neglecting inhomogeneities in front of the
Laplacian term, i.e. de = εmmic
2/4pie2n ' εmmic2/4pie2n0 = de,0.
By following the same procedure as in Section II B, one easily derives the energy equations
for the HVM model, given the generalized Ohm’s law in (A1):
∂ Eui
∂t
+ ∇ · (Euiui + Πi · ui) = %ui · F ext + j i ·E + Πi : ∇ui , (A4)
∂ EΠi
∂t
+ ∇ · (EΠiui + qi) = −Πi : ∇ui , (A5)
∂ Eue
∂t
+∇ ·
[(Eue + Pe)ue] = εm%ue · F ext + je ·E + Pe∇ · ue
− εmje ·E + εm
δn
n
je · d2i,0∇2E , (A6)
∂ EPe
∂t
+ ∇ · (EPeue) = (1− γ)EPe∇ · ue , (A7)
∂ EB
∂t
+ ∇ ·
(
E ×B
4pi
c
)
= − je ·E − j i ·E , (A8)
where we have introduced the species’ current density, jα ≡ eαnuα and the density fluc-
tuations, δn ≡ n − n0. Note that the last term in equation (A6) for the electron kinetic
energy density is the result of the approximations made in (A1) with respect to its com-
plete version in (4). Namely, the extra −εmje · E is a consequence of the approximation
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(1+εm)
−1 ' 1, while the term proportional to δn/n comes from the approximation de ' de,0
(i.e., 1/n ' 1/n0) in the Laplacian term deriving from ∂J/∂t.
The equation for the total energy density in HVM then reads:
∂ E
∂t
+∇·ΨE = %
(
ui+εmue
)·F ext +(5
3
− γ
)
EPe
(∇·ue)− εmje·(1− δnn d2i,0∇2
)
E , (A9)
where the total energy density flux, ΨE , is
ΨE =
(Eui + EΠi)ui + Πi · ui + qi + 53EPeue + E ×B4pi c , (A10)
1. Space-filtered equations for HVM
Before presenting the space-filtered version of the energy equations, it is worth making
some explicit considerations on the filtered electric field from the generalized Ohm’s law
adopted by the HVM model.
a. The sub-grid (“turbulent”) electric field in HVM
By multiplying the generalized Ohm’s law in (A1) and applying the filter to it, one obtain
its filtered version, i.e.,
(
1− εmdi,0∇2
)
Ê = − ûe × B̂
c
− mi
e
∇P˜e
%˜
+ εm
mi
e
1
%˜
∇ · (D̂J + Π˜i) + ∗ . (A11)
where we have defined D̂J = %˜(ûiûi − ûeûe) and, analogously to what was done in Sec-
tion III B 3, the sub-grid (“turbulent”) electric field as ∗ = ∗MHD + 
∗
Hall+, 
∗
de
with
∗MHD = − T (i)u×B (A12)
∗Hall = − T J×B (A13)
∗de = − εm
mi
e
1
%˜
∇ · (T (e)uu − T (i)uu) = −εmmie 1%˜∇ · (T JJ − T [Ju]) . (A14)
Note that, with respect to (59), in HVM the electron-inertia contribution de effectively
misses the contribution from the turbulent (sub-grid) Reynolds stress associated to the ion-
flow fluctuations.
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b. The filtered total energy equation for HVM
We now follow the same procedure as in Section III B to derive the filtered version of the
energy equations for the HVM model:
∂ Êui
∂t
+ ∇ ·
[
Êuiûi +
(
Π˜i + T (i)uu
) · ûi] = %˜ûi · F̂ ext + Π˜i : ∇ûi + ĵ i · Ê
+ T (i)uu : ∇ûi − ĵ i · ∗MHD , (A15)
∂ ÊΠi
∂t
+ ∇ ·
(
ÊΠiui + q̂i
)
= − Π˜i : ∇ûi − T (i)Π∇u , (A16)
∂ Êue
∂t
+∇ ·
[(Êue + P˜e)ûe + εmT (e)uu · ûe] = ĵe · Ê + P˜e∇ · ûe + εm%˜ûe · F̂ ext
− ĵe ·
(
∗MHD + 
∗
Hall
)
+ εmT (e)uu : ∇ûe
− εmĵe ·
[(
1− δ˜%
%˜
di,0∇2
)
Ê − ∗MHD − ∗Hall − ∗∇2
]
,
(A17)
∂ ÊPe
∂t
+ ∇ ·
(
ÊPeue
)
= (1− γ)
[
E˜Pe
(∇ · ûe)+ T (e)P∇u] , (A18)
∂ ÊB
∂t
+ ∇ ·
(
Ê × B̂
4pi
c
)
= − ĵ i · Ê − ĵe · Ê − j∗ · Ê . (A19)
where ĵ i =
e
mi
%˜ ûi and we have introduced δ˜% = %˜ − %0 and an equivalent sub-grid electric
field that arises from the Laplacian term in the filtered electron-momentum equation (again,
related to the homogeneity approximation on the d2e∇2E term in (A1)), i.e.,
∗∇2 =
%0
%˜
d2i,0∇2 T E . (A20)
with T E ≡ (%˜E − %˜E˜)/%˜ = Ê − E˜. Summing up equations (A15)–(A19), one obtains the
filtered version of the total energy density equation:
∂ Ê
∂t
+∇·Ψ̂Ê = %˜
(
ûi+εmûe
)·F̂ ext +(5
3
− γ
)
E˜Pe
(∇·ûe)+ Ŝ(0)sg + Ŝ(me)sg + Ŝ(HVM)sg , (A21)
with Ê = Êui + ÊΠi + Êue + ÊPe + ÊB and
Ψ̂Ê = Êuiûi +
(
Π˜i+T (i)uu
)·ûi + ÊΠiui + q̂i + 53 Êueûe + εmT (e)uu ·ûe + ÊPeue + Ê × B̂4pi c , (A22)
while the sub-grid terms are given by
Ŝ(0)sg = −(ĵ i + ĵe) · ∗MHD − ĵe · ∗Hall − j∗ · Ê + T (i)uu : ∇ûi − T (i)Π∇u + (1− γ)T (e)P∇u , (A23)
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Ŝ(me)sg = εmT (e)uu : ∇ûe (A24)
Ŝ(HVM)sg = −εmĵe ·
[(
1− δ˜%
%˜
di,0∇2
)
Ê − ∗MHD − ∗Hall − ∗∇2
]
, (A25)
where the first two sub-grid terms, Ŝ(0)sg and Ŝ(me)sg , are indeed the same as the ones in (85)–
(86) for a generic NHK model, while the second term, Ŝ(HVM)sg , is a model-dependent term,
i.e., specific of the HVM model. Also note that this additional sub-grid term is strictly
related to finite-inertia effects in the HVM’s electron fluid and thus it disappears in the
massless electrons limit, εm → 0.
Appendix B: Formulation for massless electrons and resisitive Ohm’s law
It is useful to provide the space-filtered equations also in the limit of massless electrons
and a generalized Ohm’s law that includes a resistive term:
E = −ui
c
×B + J ×B
enc
− ∇Pe
en
+ ηJ , (B1)
and a polytropic closure is adopted for the scalar electron pressure. This version of the
generalized Ohm’s law is indeed widely adopted in numerical implementations of hybrid-
kinetic models84,85,95.
In this case, the total energy equation reads
∂ E
∂t
+ ∇ ·ΨE = %ui · F ext +
(
5
3
− γ
)
EPe
(∇ · ue) − η je · J
= %ui · F ext +
(
5
3
− γ
)
EPe
(∇ · ue) + ηj i · J − η|J |2 , (B2)
with
Ψ̂Ê =
(Eui + EΠi)ui + Πi · ui + qi + 53EPeue + E ×B4pi c . (B3)
Note that, since je · J is not positive definite, the dissipative nature of the resistive term in
(B2) is not mathematically ensured. The space-filtered version of the equation for the total
energy density above is
∂ Ê
∂t
+ ∇ · Ψ̂Ê = %˜ ûi · F̂ ext +
(
5
3
− γ
)
E˜Pe
(∇ · ûe) − η ∣∣∣Ĵ ∣∣∣2 + η ĵ i · Ĵ + Ŝ(0)sg + Ŝ(η)sg , (B4)
where the sub-grid term Ŝ(0)sg corresponds to the one in (A23), while the resistive contribution
to the sub-grid term, Ŝ(η)sg , is given by
Ŝ(η)sg = η j∗ · Ĵ , (B5)
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where we remind that j∗ = Ĵ − ĵe − ĵ i is the sub-grid (“turbulent”) current density.
1. The Hall-MHD limit
Another approximation often employed in hybrid-kinetic simulations consists of adopting
the Hall-MHD limit of the generalized Ohm’s law96 (and references therein):
E = −ui
c
×B + J ×B
enc
= −ue
c
×B , (B6)
i.e., the limit of infinite conductivity and cold, massless electron fluid. In this case, all the
terms containing the electron pressure or the resistivity in the equations (B2)–(B3) vanish,
and we obtain a simple total energy equation:
∂ E
∂t
+ ∇ ·
[(Eui + EΠi)ui + Πi · ui + qi + E ×B4pi c
]
= %ui · F ext . (B7)
Its filtered counterpart therefore reads
∂ Ê
∂t
+ ∇ · Ψ̂Ê = %˜ ûi · F̂ ext + Ŝ(H−MHD)sg , (B8)
where the flux and the sub-grid term are give by
Ψ̂Ê = Êuiûi + Êuiui + (Π˜i + T (i)uu) · ûi + q̂i +
Ê × B̂
4pi
c , (B9)
and
Ŝ(H−MHD)sg = −(ĵ i + ĵe) · ∗MHD − ĵe · ∗Hall − j∗ · Ê + T (i)uu : ∇ûi − T (i)Π∇u . (B10)
Appendix C: Formulation for the full-kinetic case
When the full-kinetic case is considered (neglecting the external forcing for the sake of
simplicity), the moments equations that have been derived from the Vlasov equation for the
ions in Section II B are now holding for each species α with mass mα and charge eα, i.e.
∂ %α
∂t
+ ∇ · (%αuα) = 0 , (C1)
∂ (%αuα)
∂t
+ ∇ · (%αuαuα + Πα) = eα
mα
%α
(
E +
uα
c
×B
)
, (C2)
∂Πα
∂t
+ ∇ · (Παuα +Qα) + {(Πα ·∇)uα}sym = Ωcα {Πα × b}sym , (C3)
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where %α = mαnα is the species’ mass density, and Ωcα = eαB/mαc its gyro-frequency. From
these equations and from Maxwell’s equations (now including displacement current in the
Ampe´re’s law), the energy equations are readily derived:
∂ Euα
∂t
+ ∇ · (Euαuα + Πα · uα) = + Πα : ∇uα + eαnαuα ·E , (C4)
∂ EΠα
∂t
+ ∇ · (EΠαuα + qα) = −Πα : ∇uα , (C5)
∂ Eem
∂t
+ ∇ ·
(
E ×B
4pi
c
)
= −
(∑
α
eαnαuα
)
·E , (C6)
where Euα = mαnαu2α/2, EΠα = tr[Πα]/2, and Eem = (E2 + B2)/8pi. From the above,
proceeding as in Section III B, the space-filtered equations for the full-kinetic case read
∂Êuα
∂t
+∇ ·
[
Êuαûα +
(
Π˜α + T (α)uu
) · ûα] =(Π˜α + T (α)uu ) : ∇ûα + ĵα · (Ê + T (α)u×B), (C7)
∂ ÊΠα
∂t
+∇ ·
(
ÊΠαuα + q̂α
)
= − Π˜α : ∇ûα − T (α)Π∇u , (C8)
∂ Êem
∂t
+∇ ·
(
Ê × B̂
4pi
c
)
= −
∑
α
(
ĵα · Ê + T (α)JE
)
, (C9)
where ĵα ≡ eαmα %˜α ûα = eαn˜αûα is the current density of the α species, and the the sub-grid
terms T are defined as
T (α)uu = %˜α
(
uαuα
∧− ûαûα
)
, (C10)
T (α)u×B =
1
c
(
uα ×B
∧
− ûα × B̂
)
. (C11)
T (α)Π∇u = Πα : ∇uα
∧
− Π˜α : ∇ûα , (C12)
TJE =
[∑
α
eα
mα
(
%̂αuα − %˜α ûα
)] · Ê = ∑
α
j∗α · Ê =
∑
α
T (α)JE , (C13)
with j∗ =
∑
α j
∗
α the sub-grid (or “turbulent”) current density, as defined in (74).
Appendix D: Generalized Ohm’s law in the quasi-neutral limit: equivalence
between (2) and (4)
We want to explicitly show that the two forms of the generalized Ohm’s law, Eq. (2) and
Eq. (4), are equivalent. In order to do this, let us first consider the “classic” derivation of
the generalized Ohm’s law from the two-fluid momentum equations97,
∂ (%αuα)
∂t
+ ∇ ·
(
%αuαuα + Πα
)
=
eα
mα
%α
(
E +
uα
c
×B
)
, (D1)
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where %α = mαnα, and mα and eα are the mass and the electric charge of the species α.
Multiplying (D1) by eα/mα and summing over the species index α, one obtains
∂
∂t
(∑
α
eαnαuα
)
︸ ︷︷ ︸
=J
+∇ ·
(∑
α
%αuαuα +
∑
α
eα
mα
Πα
)
=
∑
α
e2αnα
mα
(
E +
uα
c
×B
)
, (D2)
which, for a quasi-neutral proton-electron plasma ne = ni = n, rewrites as
∂ J
∂t
+ e∇ ·
[
n
(
uiui − ueue
)]
= − e
me
∇ ·
(
Πe − εmΠi
)
+
e2n
me
(1 + εm)E
+
e2n
me
(
ue + εmui
c
×B
)
. (D3)
By multiplying (D3) by me/[(1 + εm)e
2n] and using the relation ue = ui − J/en, one
eventually obtains the generalized Ohm’s law in (4):
E = − ui
c
×B + J ×B
(1 + εm)enc
− ∇ ·
(
Πe − εmΠi
)
(1 + εm)en
+
εm
1 + εm
mi
e2n
[
∂J
∂t
+ ∇ ·
(
Jui + uiJ − JJ
en
)]
. (D4)
Now, let us consider the electron momentum equation in the quasi-neutral limit, explicitly
solving for E and using electron continuity equation in order to rewrite ∂t(%eue) + ∇ ·
(%eueue) = %e[∂tue + (ue ·∇)ue]:
E = −ue
c
×B − ∇ ·Πe
en
− me
e
[
∂ ue
∂t
+
(
ue ·∇
)
ue
]
, (D5)
which is exactly equation (2) of our NHK model. If we now substitute ue = ui − J/en
into the ue ×B and ∂tue terms, and use the ion momentum equation equation in order to
rewrite ∂tui, after some manipulations we then obtain:
E = − ui
c
×B + J ×B
enc
− ∇ ·Πe
en
− εm
{
E +
ui
c
×B − ∇ ·Πi
en
− mi
e2n
∂ J
∂t
− mi
en
∇ ·
[
n
(
uiui − ueue
)]}
, (D6)
which rewrites exactly as equation (D4). This eventually proves the equivalence between
using the form (2) or the form (4) of the generalized Ohm’s law.
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Appendix E: Fluid equations: explicit form with indexes
Dropping the index i for “ions”, Eqs. (10)-(12) written by components read:
∂ %
∂t
+
∂
∂xi
(
%ui
)
= 0 , (E1)
∂ (%ui)
∂t
+
∂
∂xj
(
%uiuj + Πij
)
= en
(
Ei +
1
c
ijkujBk
)
+ nFi , (E2)
∂ Πij
∂t
+
∂
∂xk
(
Πijuk +Qijk
)
+ Πik
∂ uj
∂xk
+ Πjk
∂ ui
∂xk
= Ωc
(
ilmΠjlbm + jlmΠilbm
)
, (E3)
where ilm is the Levi-Civita symbol and the moments of the distribution function f are
defined as usual:
% = mn = m
∫ +∞
−∞
f(x,v) d3v , (E4)
% ui = m
∫ +∞
−∞
vi f(x,v) d
3v , (E5)
Πij = m
∫ +∞
−∞
wiwj f(x,v) d
3v , (E6)
Qijk = m
∫ +∞
−∞
wiwj wk f(x,v) d
3v , (E7)
where w = v − u is the random (thermal) component of the particles velocity.
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